Abstract. We study properties of the mean curvature one-form and its holomorphic and antiholomorphic cousins on a transverse Kähler foliation. If the mean curvature of the foliation is automorphic, then there are some restrictions on basic cohomology similar to that on Kähler manifolds, such as the requirement that the odd basic Betti numbers must be even. However, the full Hodge diamond structure does not apply to basic Dolbeault cohomology unless the foliation is taut.
Introduction
Let F be a foliation on a closed, smooth manifold M. A Riemannian foliation is a foliation such that the normal bundle Q = T M/T F is endowed with a holonomy-invariant metric g Q . This metric can always be extended to a metric g on M that is called bundle-like, characterized by the property that the leaves of F are locally equidistant. The basic forms of (M, F ) are locally forms on the leaf space; that is, they are forms φ satisfying X φ = X dφ = 0 for any vector X tangent to the leaves, where X denotes the interior product with X. The set of basic forms forms a differential complex and is used to define basic de Rham cohomology groups H * B (F ). For Riemannian foliations, these groups have finite rank, and their ranks are topological invariants ( [13] ). The basic Laplacian ∆ B is a version of the Laplace operator that preserves the basic forms. Many researchers have studied basic forms and the basic Laplacian on Riemannian foliations. It is well-known ( [2] , [12] , [27] , [34] ) that on a closed oriented manifold M with a transversely oriented Riemannian foliation F , H this was proved by in [2] , and ξ is called theÁlvarez class. Poincaré duality holds for the basic cohomology of a Riemannian foliation (M, F , g Q ) if and only if theÁlvarez class is trivial, if and only if (M, F ) is taut, meaning that there exists a metric for which the leaves of the foliation are (immersed) minimal submanifolds.
In this paper, we consider foliations that admit a transverse, holonomy-invariant complex structure, and in particular we consider holonomy-invariant Hermitian metrics on Q that may or may not be Kähler. The question is whether the standard Kähler manifold structures on Dolbeault cohomology such as the Hard Lefschetz Theorem, the dd c -Lemma, and formality apply to the basic cohomology of transverse Kähler foliations. The basic Dolbeault cohomologies H r,s B (F ) and H r,s ∂ B ∂ B (F ) can be defined as usual using only the transverse holomorphic structure. The Hodge diamond structure does sometimes occur for basic Dolbeault cohomology for Kähler foliations, but it turns out that two properties of the mean curvature are crucial: This paper is organized as follows. In Section 2, we review the known properties of the mean curvature and basic Laplacian for Riemannian foliations. In Section 3, we investigate transverse Hermitian structures on foliations with bundle-like metrics. In Proposition 3.2 and Theorem 3.3, we show that the holomorphic and antiholomorphic basic components κ (F ), respectively, that are invariant under the choices of bundlelike metric and transverse metric that is compatible with a given transverse holomorphic structure. In fact, in Proposition 3.6, we show that the metrics can be chosen so that κ, κ 1,0 , and κ 0,1 are basic forms. When the foliation is transversally Kähler, the metrics can be chosen so that κ, κ 1,0 , and κ 0,1 are simultaneously basic, ∆ B -harmonic, B -harmonic, and B -harmonic, respectively (see Proposition 3.10; the B and B are the ∂ B and ∂ B Laplacians, respectively).
In Section 4, we show that for transverse Hermitian foliations, the form ∂ B κ Further, for transverse Kähler foliations, η = 0 if and only if ξ = 0, which is false in general, and this condition in turn implies that the metric can be chosen so that κ = κ B = 0. In Section 6, we investigate the condition that the mean curvature κ B is automorphic, meaning its flow preserves the transverse holomorphic structure. The basic Laplacian satisfies ∆ B = B + B if and only if it preserves the (r, s)-type of form if and only if the mean curvature is automorphic (Theorem 6.5 and Corollary 6.6).
In Section 7, we show that the dd c -Lemma of Kähler manifolds works only for taut Kähler foliations (Lemma 7.3). In Section 8, Theorem 8.1 shows on transverse Kähler foliations that if the mean curvature is automorphic, then symmetry of a version of the Hodge diamond follows, and then we also have
However, the full power of the Hodge diamond with restrictions to basic Dolbeault cohomology follows from the Hard Lefschetz theorem, which applies only if the foliation is taut.
In Section 9, we provide examples of nontaut Kähler foliations and calculate their cohomologies. Also in this section, we show that for a nontaut foliation, it is possible for one transverse Hermitian structure to be Kähler with η = 0 and mean curvature not automorphic and for another transverse Hermitian structure to be nonKähler with η = 0 and mean curvature automorphic. These examples manifest another interesting property of nontaut transverse Kähler foliations; the Kähler form ω always yields a transverse volume form ω n that is exact, and the Kähler form itself may be exact.
Foliations that admit a transverse Kähler structure have been studied by many researchers, but primarily in the case when the foliation is taut (κ = 0 for some metric). For example, Sasaki manifolds are not Kähler but admit transverse Kähler structures on the characteristic foliation, which is homologically oriented. Since the mean curvature vanishes, many Kähler manifold facts apply to the basic Dolbeault cohomology (see [5, Section 2] , [4, Proposition 7.2.3] , [39] ). The authors in [6] prove the hard Lefschetz theorem for compact Sasaki manifolds, which again is a simple case of the results of this paper with κ = 0. The cosymplectic manifold case is treated in [8] . A. El Kacimi proved in [11, Section 3.4 ] that the standard facts about Kähler manifolds and their cohomology carry over to basic cohomology in the homologically orientable (taut) case. Also, L. A. Cordero and R. A. Wolak [9] studied basic cohomology on taut transverse Kähler foliations by using the differential operator ∆ T , which is different from ∆ B (F is minimal if and only if ∆ T = ∆ B ). We note other recent work on transverse Kähler foliations in [22] , [20] , [16] , [28] , [24] .
Properties of the mean curvature for Riemannian foliations
Let (M, g Q , F ) be a (p + q)-dimensional Riemannian foliation of codimension q with compact leaf closures. Here, g Q is a holonomy invariant metric on the normal bundle Q = T M/T F , meaning that L X g Q = 0 for all X ∈ T F , where L X denotes the Lie derivative with respect to X. Next, let g M be a bundle-like metric on M adapted to g Q . This means that if T F ⊥ is the g M -orthogonal complement to T F in T M and σ : Q → T F ⊥ is the canonical bundle isomorphism, then g Q = σ * ( g M | T F ⊥ ). We do not assume that M is compact, but we assume it is complete with finite volume.
In this section, we review some known results for this Riemannian foliation setting. Let ∇ be the transverse Levi-Civita connection on the normal bundle Q, which is torsion-free and metric with respect to g Q [37] . Let R Q and Ric Q be the curvature tensor and the transversal Ricci operator of F with respect to ∇, respectively. The mean curvature vector τ of F is given by
where {f i } i=1,··· ,p is a local orthonormal basis of T F and π : T M → Q is natural projection. Then the mean curvature form κ is defined by
for any tangent vector X ∈ Γ(T M). An r-form φ is basic if and only if X φ = 0 and L X φ = 0 for any X ∈ Γ (T F ), where X denotes the interior product. Let Ω r B (F ) be the space of all basic r -forms. The foliation F is said to be minimal if κ = 0. We note that Rummler's formula (from [35] ) for the mean curvature is
where
is the characteristic form, the leafwise volume form, and * is the Hodge star operator associated to g M ; we assumed M is oriented to make the property of ϕ 0 easier to state.
The exterior derivative d maps Ω . These groups are smooth invariants of the foliation and do not depend on the bundle-like metric and also do not even depend on the smooth foliation structure (see [13] ).
The metric g M induces a natural metric on
2 Ω * B (F ) denote the closure of Ω * B,0 (F ), the space of compactly supported basic forms, in
Proposition 2.1. (Proved in [34] for the closed manifold case) Let (M, g Q , F ) be a Riemannian foliation with compact leaf closures and bundle-like metric. The orthogonal projection P :
F ) maps smooth forms to smooth basic forms. For all α ∈ L 2 Ω * (M), P (α) (x) is computed by an integral over the leaf closure containing x and only depends on the values of α on that leaf closure.
Proof. The proof in [34] applies in this slightly more general case, where it is not assumed that M is compact. Now we recall the transversal star operator * :
where * is the Hodge star operator associated to g M ; this is actually well-defined as long as (M, F ) is transversely oriented. Trivially, * 2 φ = (−1) r(q−r) φ for any φ ∈ Ω r B (F ). Let ν be the transversal volume form; that is, * ν = χ F as long as M is oriented. Then the pointwise inner product ·, · on Λ r Q * is defined by φ, ψ ν = φ ∧ * ψ. The global inner product on
where µ M = ν ∧ χ F is the volume form with respect to g M . In what follows, let κ B = P κ. Also, let
where * denotes the pointwise adjoint. 
on basic r-forms φ.
Lemma 2.3. The transversal divergence satisfies
where the sum is over a local orthonormal frame {E a } of Q.
Proof. It follows from the fact that δ T is locally the pullback of the ordinary divergence on the local quotients of foliation charts.
Proposition 2.4. (Proved in [2] for the closed manifold case) Let (M, g Q , F ) be a Riemannian foliation with compact leaf closures and bundle-like metric. The form dκ B = 0, and κ B determines a class in H 1 B (F ) that is independent of the choice of g M or of g Q . Proof. The proof in [2] is primarily a calculation confined to a neighborhood of a leaf closure, so that it applies in this slightly more general case. For the sake of exposition, we show the proof that κ B is closed: We have
where δ T is the divergence on the local quotient manifolds in the foliation charts. In particular, δ T only depends on g Q . Thus, δ 2 T = 0, and also d 2 B = 0. Taking adjoints with respect to basic forms, from the three equations above we have 
The second part comes from the proof in [29] , where the volume form ν ∧ χ ′ F is uniquely determined (up to rescaling, which does not change κ). The third part comes from the fact that if δ B κ = dκ = 0,
The basic Laplacian ∆ B is the operator on basic forms defined as
We define the operator ∆ T on basic forms as the corresponding Laplacian on the local quotient manifolds. Specifically,
The operator ∆ T is not essentially self-adjoint on the space of basic forms, but the operator ∆ B is.
Lemma 2.8. The basic Laplacian is the restriction of the operator
Proof. From Proposition 2.2,
The result follows from Cartan's formula for the Lie derivative.
Properties of the mean curvature for transverse Hermitian foliations
We now suppose that (M, F ) is a foliation of codimension 2n and is endowed with a holonomy-invariant transverse complex structure J : Q → Q and a holonomy-invariant Hermitian metric on the complexified normal bundle; we call such a foliation a transverse Hermitian foliation. So in particular the foliation is Riemannian. When it is convenient, we will also refer to the bundle map
In what follows, we use notation similar to [24] . For Q C = Q ⊗ C, we let
Elements of Q 1,0 and Q 0,1 are called complex normal vector fields of type (1, 0) and (0, 1), respectively. We have Q C = Q 1,0 ⊕ Q 0,1 and
Let Q * C be the real dual of
where (Jθ)(X) := −θ(JX) for any X ∈ Q and is extended linearly. Let Ω r,s B (F ) be the set of the basic forms of type (r, s), the smooth sections of Λ r,s C Q * , which is the subspace of Λ C Q * spanned by ξ ∧ η, where ξ ∈ Λ r Q 1,0 and η ∈ Λ s Q 0,1 . We choose {E a , JE a } a=1,··· ,n so that it is a local orthonormal basic frame; we call it a J-basic frame) of Q. Let {θ a , Jθ a } a=1,··· ,n be the local dual frame of Q * . We set
The frame {V a } is a local orthonormal basic frame field of Q 1,0 , a normal frame field of type (1, 0), and {ω a } is the corresponding dual coframe field. The following 2-form ω is nondegenerate. Letting θ n+a = Jθ a for a = 1, ..., n,
In the event that ω is closed, this is the Kähler form, and the foliation is transversely Kähler.
is the projection, and similarly ∂ B Ω r,s
Let H = κ # B be the basic mean curvature vector field, and let
In what follows, we extend the definitions of exterior product and interior product linearly to complex vectors and differential forms. Observe that V is by definition the adjoint of ǫ V ♭ on real vector fields, but on complex vector fields the following holds. If v, w are real tangent vectors,
Now, let ·, · be a Hermitian inner product on Λ 
Then for complex vectors
Now, by applying the projections to Π * , * to (2.4), we have
Taking L 2 adjoints with respect to basic forms of the formulas above, we have 
Again, we note that ∂ * T is the holomorphic divergence on the local quotient manifolds in the foliation charts, and it only depends on the transverse metric and holomorphic structure.
Thus, ∂ * 2 T = 0. Also, since ∂ B is the same as the holomorphic differential on the local quotient manifold in the foliation charts, ∂ 2 B = 0. Taking adjoints with respect to basic forms, from the three equations above we have
= 0. We summarize these results in the following Proposition. 
B (F ) would be in general zero for any metric. Consider Example 9.1. In the next section we will examine this form more closely. 
In particular, the operator ∂ * T ∂ B is a real operator on functions. Proof. Since δ T , ∂ * T and∂ * T correspond to the divergences d * , ∂ * ,∂ * on the local quotient manifold, this Lemma follows directly from the local fact that ∆ d = 2∆ ∂ = 2∆∂ on Kähler manifolds.
With our string of successes of projecting using Π r,s , one would hope that an analogue of Proposition 2.6 can be found just as easily. However, as the following remark shows, we are not so lucky.
Remark 3.8. Let (M, F , J, g Q ) be a foliation on a closed manifold with a holonomy-invariant transverse complex structure and transverse Hermitian metric. By Proposition 2.6, choose g M to be a bundle-like metric on M compatible with the transverse Hermitian structure and chosen so that the mean curvature κ is basic harmonic -that is, so that κ = κ B , δ B κ = 0. Then observe that
Hence, Proposition 2.6 gives us no control over the imaginary part of ∂ * B κ 1,0 . On the other hand, suppose we are able to find a bundle-like metric g M such that
Then by the calculation above, 0 = δ B κ, so in fact κ is basic harmonic. However, by Corollary 2.7, the leafwise volume form χ F is determined up to a constant scale factor, so the form κ is uniquely determined.
From the discussion in the remark above we at least have the following. Then there exists a bundle-like metric compatible with the Kähler structure such that κ is basic harmonic; that is, κ = κ B and δ B κ = 0. For that same metric,
Proof. Let the bundle-like metric be chosen as in Proposition 2.6, so that κ = κ B and δ B κ = 0. Since the foliation is transversely Kähler, ∂ * T ∂ B on functions is a real operator, as is its adjoint ∂ * B ∂ T , by Lemma 3.7. But then
is a real-valued function, so that
Remark 3.11. After examining the proof in [29] (Proposition 2.6), it does not appear that Proposition 3.10 is true in the more general transverse Hermitian foliation case. Finding such a metric is tantamount to finding a smooth, positive basic function ψ such that ∂ * B ∂ T ψ = 0. From the original proof, there is a ψ that is unique up to a multiplicative constant such that
However, it seems unlikely that the imaginary part would also vanish for this ψ.
For future use, we recall the Hodge theorem for basic Dolbeault cohomology. (F ), respectively, are invariant with respect to the choice of compatible bundle-like metric. Observe that we may obtain an additional invariant basic Dolbeault cohomology class from the transverse holomorphic structure. Note that for any transversely holomorphic foliation, ∂ B∂B = −∂ B ∂ B , and ∂ B∂B 2 = 0, so that
forms a differential complex, and so that the cohomology H j,j ∂ B∂B (F ) is well-defined. Also, observe that, with * denoting the adjoint with respect to basic forms,
Also, for ϕ ∈ Ω 
so that h may always be taken to be real. Proof. We assume that at the point we are evaluating the operators, the local bases {V a } and {ω a } are chosen so that all covariant derivatives vanish (we can do that because these are locally basic sections of Q and Q * ). Statement (1) is equivalent to
Since ∇ Va V ♭ is type (0, 1), this is equivalent to ∇ Va V ♭ = 0 for all a, which is equivalent to ∇ Z V ♭ = 0 for all Z ∈ Q 1,0 , i.e. statement (3). Next, assume (3):
So at the point in question, (2) implies that V a f b = 0 for all a, b at that point. On the other hand, (3) is equivalent to
for all a if and only if V a f b for all a, b as well.
Proposition 4.9. Let (M, F , J, g Q ) be a foliation with compact leaf closures with a holonomyinvariant transverse complex structure and transverse Hermitian metric. Then
T is the ∂-Laplacian on differential forms on the local quotients of foliation charts. Similarly,
Proof. From Proposition 3.1, Proof. This follows directly from Theorem 4.12.
Note that the hypothesis on ∂ B κ 0,1 B is needed, as Example 9.1 shows.
Lefschetz decompositions
We begin with some notation. j * L * on basic j-forms. For X ∈ Q, from [19] we have
The formulas above extend is exactly the same way to complex vectors X. We extend the complex structure J to Ω r B (F ) by the formula
This formula is consistent with (Jθ)(X) = −θ(JX) for one-forms θ, and for instance (Jv) ♭ = Jv ♭ for vectors v. The operator J : Ω r,s B (F ) → Ω r,s B (F ) is skew-Hermitian: Jφ, ψ + φ, Jψ = 0, and Jφ = i (s − r) φ for any φ ∈ Ω r,s B (F ). This is not the same as the operator C induced from the pullback J * used often in Kähler geometry. We quote some known results as follows. as operators on basic forms. Similarly,
Proof. By the corollary above, we have
The second part follows from noticing that∂ B κ 1,0 B is pure imaginary and from taking conjugates.
Lemma 5.5. We have the following identities.
(1) [Λ, L] = (n − r) P r as an operator on basic forms, where
It is easy to see that for a simple r form α = θ
, the term ω ω∧ will contribute τ 1 , the number of a such that E a α = 0 and JE a α = 0, and the second term ω ∧ ω will contribute −τ 2 , the number of b such that JE b E b α = 0. All other contributions cancel between the two terms. Then by counting we see that n = r 1 + r 2 + τ 1 − τ 2 = r + (τ 1 − τ 2 ). Equation (1) follows.
On the other hand, since Λα ∈ Ω r−2
proving (2) . Taking adjoints, we obtain (3). In what follows, we call an element ξ ∈ Λ * Q * primitive if Λξ = 0.
Corollary 5.7. Each fiber of the bundle Λ * Q * decompose into irreducible representations of sl 2 (C), Λ * Q * = 0≤k≤n V k , where each V k of dimension k + 1 has the form
Proof. Direct application of the sl 2 (C) representation theory.
By the Kähler conditions that ∇J = 0 and dω = 0, the tensor field Λ is parallel and has constant rank on Ω (
B,P (F ). Proof. We apply the Lemma and Corollary above to get (1) and (2) immediately. Statement (3) follows from (2). For (4), note that pointwise the transverse Hodge star * is an isomorphism from Ω 
Observe that the term∂ *
T is just the term∂ * ∂ + ∂∂ * on the local quotient manifolds of the foliation charts, and also ∂ * T∂ B +∂ B ∂ * T is ∂ * ∂ +∂∂ * . The sum of these two terms is the same as ∆ − − on the foliation chart quotients, which is zero since (M, F , J, g Q ) is transversely Kähler. 
is injective for 0 ≤ k ≤ n − r and surjective for k ≥ n − r, k ≥ 0. Furthermore, ( measures the failure of the classical ∂∂-lemma (or dd c -Lemma) to hold in the case of transverse Kähler foliations, specificially applied to the mean curvature form. Thus, in general we do not expect the basic cohomology to be formal or to satisfy the typical properties of that of ordinary Kähler manifolds. In Section 7, we find sufficient conditions for the transverse dd c -Lemma to hold.
Case of automorphic mean curvature
The set of foliate vector fields is
and it consists of the set of vector fields whose flows preserve F . For any X ∈ V (F ), π (X) is a basic section of Q, meaning that ∇ v π (X) = 0 for every v in T F . We say that a vector field
. Such vector fields are infinitesimal automorphisms of the foliation that preserve the transverse complex structure. Sometimes we also refer to the image π (Y ) ∈ Γ (Q) as being transversely automorphic, because the property only depends on the properties of π (Y ).
For a complex basic normal vector field Z ∈ Γ B Q 1,0 , we say Z is transversely holomorphic if ∇V Z = 0 forV ∈ Q 0,1 . This is equivalent to Z being a basic vector field that can be expressed as a holomorphic vector field in the transverse variables of the local foliation charts. The following results have been previously proved. 
So it is definitely the case that if Z is transversely holomorphic, then∂ B Z ♭ = 0, but the converse is false in general. (In the Examples section, we will see cases where H 1,0 is not transversely holomorphic but where (as always)
We would now like to apply these results about automorphic vector fields to the mean curvature. Proof. From the theorem and corollary above, under these conditions, for any differential j-form φ, 
The dd c Lemma
We would like to use the power of the dd c Lemma from Kähler geometry to use in our setting. In the foliation setting, we will need some assumptions. Let (M, F , J, g Q ) be a transverse Kähler foliation of codimension 2n on a compact manifold. First we extend the almost complex structure J by pullback to the operator
Note that d c is a real operator, and its adjoint with respect to basic forms is
Lemma 7.1. Let (M, F , J, g Q ) be a transverse Kähler foliation with compact leaf closures and a compatible bundle-like metric, such that the mean curvature of (M, F ) is automorphic. Then
Proof. By Corollary 6.6, ∆ B preserves the type of differential form, so that C is just multiplication by a scalar on forms of type (r, s). The result follows.
Lemma 7.2. Let (M, F , J, g Q ) be a transverse Kähler foliation with compact leaf closures and a compatible bundle-like metric, such that the mean curvature of (M, F ) is automorphic. Then ∂ B κ 0,1 = 0 if and only if
and this is true if and only if M is taut and
Proof. We have Because of this Lemma, we do not expect the dd c Lemma from Kähler geometry to hold in our setting, except in the special case when the mean curvature is zero, since δ B d c + d c δ B = 0 is needed strongly. For this case, we prove the dd c Lemma in the usual way. Proof. If α = d c γ, we write γ = dτ + η + δ B ξ by the Hodge decomposition, with η basic harmonic. By hypothesis, η is ∂ B and ∂ B -closed and thus d c -closed as well, so
From the given and formulas and Lemma above,
From this it follows that the basic cohomology is formal, as in the case of ordinary cohomology of Kähler manifolds.
The Hodge diamond
On a transverse Kähler foliation with compact leaf closures and compatible bundle-like metric, by Corollary 6.6 the basic Laplacian ∆ B preserves the (r, s) type of form if and only if the mean curvature is automorphic. For the purposes of what follows, we will consider the case when the basic mean curvature is automorphic, and we consider the ∆ B -harmonic forms of type (r, s). Let (1) (Hodge symmetry) For all r, s such that Proof. By Theorem 6.5, ∆ B is a real operator, so that (1) holds by conjugation. By Corollary 6.6, ∆ B -harmonic forms correspond exactly to sums of ∆ B -harmonic forms of type (r, s), so that (2) follows, and (1) and (2) 
Examples
Example 9.1. Note that in contrast to the situation of a Kähler form on an ordinary manifold, it is possible that ω is a trivial class in basic cohomology. This always happens when we consider nontaut codimension 2 foliations. We consider the Carrière example from [7] . Let A be a matrix in SL 2 (Z) of trace strictly greater than 2. We denote respectively by v 1 and v 2 unit eigenvectors associated with the eigenvalues λ and 1 λ of A with λ > 1 irrational. Let the hyperbolic torus T
3
A be the quotient of T 2 × R by the equivalence relation which identifies (m, t) to (A(m), t + 1). The flow generated by the vector field V 2 is a Riemannian foliation with bundle-like metric (letting (x, s, t) denote local coordinates in the v 2 direction, v 1 direction, and R direction, respectively)
Note that the mean curvature of the flow is κ = κ B = log (λ) dt, since χ F = λ −t dx is the characteristic form and dχ F = − log (λ) λ −t dt ∧ dx = −κ ∧ χ F . Then an orthonormal frame field for this manifold is {X = λ t ∂ x , S = λ −t ∂ s , T = ∂ t } corresponding to the orthonormal coframe {X * = χ F = λ −t dx, S * = λ t ds, T * = dt}. Then, letting J be defined by J(S) = T, J(T ) = −S, the Nijenhuis tensor
clearly vanishes, so that J is integrable. (This is also easy to see with other means.)
The corresponding transverse Kähler form is seen to be ω = T * ∧S * = λ t dt∧ds = d(
, an exact form in basic cohomology. From the above,
It is impossible to change the metric so that this is zero. The reason is that from 
Since the term in parentheses is never zero for any periodic function f , we conclude that ∂κ
B is a nonzero multiple ofZ * ∧ Z * for any compatible bundle-like metric. This is not surprising, because this being zero would imply (M, F ) is taut by Corollary 5.12.
For later use, we compute that basic Dolbeault cohomology in this example. One can easily verify that which is clearly not a holomorphic one-form. The exactness of the basic Kähler form causes the Kodaira-Serre argument, the Lefschetz theorem, the Hodge diamond ideas to fail. Thus, for a nontaut, transverse Kähler foliation, it is not necessarily true that the odd basic Betti numbers are even, and the basic Dolbeault numbers do not have the same kinds of symmetries as Dolbeault cohomology on Kähler manifolds. Also, this example shows that the even degree basic cohomology groups are not always nonzero, as is the case for ordinary cohomology for symplectic manifolds (and thus all Kähler manifolds).
Example 9.2. We now consider the product foliation on the product manifold M = T A . We will put two different transverse Hermitian structures on M, and the cohomological properties of the two transverse structures are different. In both cases we have fixed the product metric.
(1) First, we consider the product of the two transverse holomorphic structures on each copy of T with all the other Betti numbers zero.
(2) Next, instead we use the following transverse complex structure. Using the same notation as in Example 9.1 but using subscripts 1 and 2 to refer to the different copies of T
A in the product, we define
where U denotes one of the unit normal vector fields S or T . We then have that the form ω is
which is clearly not closed, so the new transverse Hermitian structure is not Kähler. The foliation is the same as before, so it is again not taut. The mean curvature is
This vector field is clearly holomorphic, and we also have to be trivial for some transverse holomorphic structures and to be nontrivial in others. But if this is the case, by Corollary 5.12 it must be nontrivial when the structure is transversely Kähler.
